
LONGITUDINAL PROPULSION COUPLING SYSTEM 

FINAL REPORT 

Volume I - D e r i v a t i o n  of Equations of Motion 

March 1971 

P ed f o  

George Co Marsha11 Sp 



R-71-80 

Coaesac t MAS8 -25054 

LONGITUDINAL PROPULSION COUPLING SYSTEM 

FINAL REPORT 
Volume I - Der2vation of Equations of Motion 

March 1991 

Author 

Ronald W, Johnson 

Program Manager 

Prepared. for : 

George C ,  Marshall. Space F l i g h t  Center  
Marsha%% Space F l i g h t  Center, Alabama! 35812 

P%-epa.red by t: 

a 

Martin Kasdetta Corpora t ion  
Denver Division 

Denver Colorado 80201 



we Johnson, 



3*1 

302 

3 ,3  

3 04 

3 e 5  

3 e 6  

ry of Equations 

5,O Refersacas 

Page 

iv 

v 

B 

2 

4 

4 

5 

12 

14 

25 

31 

41 

50 



MCR-71-80 

Figure 

3.4.1 

305,l 

3,5,2 

3,6,1 

3,6.2 

LIST OF FIGURES 

T i t l e  

or Representation 

Page 

24 

Bump Schematic 26 

Vapor Pressure Curve of the Propellant 27 

Typical Propu%siow System Schematic 32 

40 Typical Propulsion Discharge Line S 

LIST OF TABLES 

Title - 
Nomenclature for Structural Matrix 

Eqaa t ions 

Page 

7 



em 



MCR-71-80 

NOMENCLATURE 

SYMBOL BEFINIT%OM UNITS 

- 
F r i c t i o n  and i n e r t i a l  fo rces  a c t i n g  on f l u i d  feed- l b / i n 2  

l i n e  duct  l b  / in2 
Fd 

($1 P i t c h  attitude error f i l t er  

F 6 1  P i t c h  a t t i t u d e  rate error f i l t e r  

2 g at%on due t o  g r a v i t y  %n/sec 

s) 

PI BTU/Eaec 

h S p e c i f i c  enthalpy of gag,  combustion BTU/ l b  

2 2  

2 2  

2 2  

2 2  

Ine r t ance  in duct ,  P,U, loop t o  pump %n%et sec / i n  

Ine r t ance  i n  duct, pump discharge  t o  P,U, loop sec /tn 

Iwertanc@ i n  duc t ,  P e U ,  loop t o  gag. loop sec /in 

Iwertance i n n  duc t ,  gag. loop t o  sec /in 

IO 

Il  

I2 

=3 
2 - 

1 Moment of i n e r t i a  of wet turbopump assembly lb-ima-+mc 

her tame in ductB, g,g, i n l e t  duct IG 

Factors to adJu t the magn%tudees of forces acttng %-'8 
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NOMENCLATURE 

k 

k 
g 

E 

LB 
(IL11 

f (=FL> 

a 

M e  88 

MR 

MRG 

NE1 

NE0 

NPSH 

NPSP 

% 
n 

P 

PC 

Pd 

% 
pH 

Total a c c e l e r a t i o n  of launch v e h i c l e  

Factor  r @ l a ~ i n g  motion of duct  w a l l  

l o c a t i o n  

Ine r t ance  of f l u i d  i n  given length  of duct  

Ine r t ance  of f l u i d  per unit l ength  of duct  

Depth of p rope l l an t  above tank bottom 

Duct length 

Generalized massg ith mode 

P rope l l an t  mixture r a t i o ,  t h r u s t  chamber 

P rope l l an t  mixture r a t i o ,  gas genera tor  

Number of inboard engines  

Number of outboard engines 

N e t  p o s i t i v e  suc t ion  head 

ive suc t ion  pressure  

Turbine speed 

I e e n t r o p i c  s p e c i f i c  heat r a t i o  

2 s e c  /in 
2 2  s e c  / i n  

i n  

i n  
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NOMENCLATURE 

SYMBOL DES CRIPTP OM UNITS 

P 
g 

pi 

pL 

pn 

PO 

pS 

psL  

PT 

'TB 

- 

A PTB 

t d  

P 
V 

Qi 

Qi 

QiLCS 

Q ~ P E R T  

RO 

e s s u r e  i n  gas genera tor  chamber 

Turbine %nlat pres su re  

Pressure  a t  PBU, loop j u n c t i o n  in discharge  l i n e  

Pressure  i n  t h r u s t  nozzle  a t  point o f  gas genera tor  

P res su re  i n  duc t  a ion  of f e e d l i n e  segments 

P and 2 

Pressure  a t  pump i n l e t  

P res su re  i n  duc t  a t  r e t u r n  po n t  of P,U, loop 

Turbine power 

Pressure  i n  f e e d l i n e  duc t  a t  t ank  bottom 

Modal tank  bottom p res su reg  ith mode 

S t a t i c  p re s su re  i n  nozzle  a t  t h e  po in t  of t u r b i n e  

exhaust  dump 

Vapor p re s su re  

Modal displacement ith mode 

Generalized f o r c e  iCh mode 

Generalized f o r c e ,  due t o  l a te ra l  coatrsI system, 

ith mode 

Generalized f o r c e  due t o  e x t e r n a l  ~ ~ ~ t ~ ~ ~ ~ ~ ~ o ~ ~  i. 

mod e 

%h 

Resistance i n  due$,P,U, loop to pump inlet 

l b  / in2 

%b / in2 

Pb / in2  

b / in2 

I b  / i n2  

l b  / in2 

l b  / i n 2  

n-lb /set 

l b  / in2 

p s i l i n  

l b  /in2 

l b  / i n2  

$an 

l b  

%b 

l b  

2 Easc/in 
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UNITS S'YpfaBOL DESCRIPTION 

dfsehaaege t o  P,Ue loop 

i n l e t  duct 

loop duct 
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NOMENCLATURE 

Flm' rate upstream of retar duct oE P e U ,  loop 

n duct at tank bottom 

alae$ duct 

%b /eec 

Ib/sec 
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SYMBOL DESCRIPTION UEJITS 

rl Pump e f f i c i e n c y  

Turbine mechanical e f f i c i e n c y  rlT 

Average gas d e n s i t y  in combustion chamber 
pC 

pF 

PO Density of oxid%zer 

Modal displacement,  a x i a l ,  accumulator %A 

l b  /in3 

l b  /in3 

l b  /in3 

'IGPO l Modal displacement sD a x i a l ,  ouebo in/in 

%GPIl  

l a t e r a l ,  QU i n / h  'IGPOZ 

lacement a x i a l  ga %nbo in/in 

Modal displacement,  l a t e r a l ,  inboard @age G,P, in/in 

Modal dieplacement,  a x i a l ,  %ion of f e e d l i n e  1&2 inlin 

Modal displacean in/in 

placement, a x i a l ,  tank bo QiT 

'iw ne, a x i a l ,  duct w a l l  

Nadcural frequ ncy of ith eJ r u c t u r a l  mode rad /sec  % 
w 

g Transfer  function r e l a t i  BTU / lb-g si 

%/psi 
0 

R 
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SUBSCRIPTS 

F I  

FO 

01 

00 

i 

F 

0 

FTI 

FTE 

rnI 

OTE 

P 

XLAT, yLAT 

Fuel duct, inboard engine 

Fuel duct, outboard engine 

Oxidizer duct, inboard engine 

Oxidizer ducta, outboard engine 

ith mode 

Fue 1 

Oxidizer 

Fuel  turbine i n l e t  

OxPdizer tu rb ine  o u t l e t  

re la t ive  

lateral d i r e c t i o ~ ~  

SUPERSCRIPTS 

Nominal steady s t a t e  value 

Tota l  value (nominal p l u s  perturbation) 
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1,O INTRODUCTION 
k 

Since t h e  i n i t i a l  faunchings of Piquid propel led  rocke t s  i n  
the  l a t e  1950°s ,  t h e  occurrence of l o n g i t u d i n a l  o s c i l l a t i o n s  some- 
where i n  t h e  s t r u c t u r e  during c e r t a i n  po r t ions  of powered f l i g h t  
have been observed, 
t h e  Thor, Atlas,  T i t a n  series, and Sa turn  series v e h i c l e s ,  Exten- 
s i v e  s t u d i e s  have been conducted over t h e  p a s t  s e v e r a l  yea r s  by 
both government and aerospace indus t ry  teams t o  i d e n t i f y ,  i s o l a t e ,  
remedy, and e l imina te  t h i s  problem, which has  become known as the  
POGO problem, Severa l  of t h e  s t u d i e s  involv ing  POGO ana lyses  are 
given i n  the  r e fe rences  (Sect ion 5 .0) ,  

These have shown up on such launch v e h i c l e s  as 

POGO is a s e l f  e x c i t e d ,  c losed  loop phenomenon. It occurs  
without  t he  e x c i t a t i o n s  a s soc ia t ed  wi th  apprec iab le  e x t e r n a l  
f o r c i n g  func t ions  such as wind g u s t s  o r  launch environments. It 
i s  caused by c e r t a i n  i n t e r a c t i o n s  involving t h e  v e h i c l e  s t r u c t u r e ,  
p rope l l an t  f e e d l i n e s ,  p rope l l an t  pumps, and t h e  propuls ion system. 
For example, a s l i g h t  pe r tu rba t ion  i n  t h e  t h r u s t  of a n  engine 
may occur.  This  causes  a s t r u c t u r a l  o s c i l l a t i o n  which may be 
f e l t  as  a change i n  tank bottom p res su re  a t  t h e  p rope l l an t  feed- 
l i n e  junc t ion .  This  p re s su re  o s c i l l a t i o n  a t  t h e  upper end of 
t he  f e e d l i n e  t r a v e l s  down the  duc t  and i s  f e l t  as pressure  and 
f lowra te  o s c i l l a t i o n s  a t  the  pump i n l e t ,  I n  t u r n ,  t hese  
v a r i a t i o n s  i n  p re s su re  and f lowra te  feed through t h e  propuls ion 
system and cause a d d i t i o n a l  t h r u s t  p e r t u r b a t i o n s ,  which c l o s e s  
the  loop,  

These i n t e r a c t i o n s  between the  va r ious  subsystems have been 
s tudied  by s e v e r a l  i n v e s t i g a t o r s ,  The ma jo r i ty  of these  e f f o r t s  
have been t o  develop t h e  governing equat ions of motion and t o  
perform s t a b i l i t y  ana lyses  a t  a po in t  i n  t i m e ,  f o r  s p e c i f i c  
launch v e h i c l e s ,  

The purpose of t he  present  c o n t r a c t  has been t o  formulate  the  
equat ions of motion, and t o  develop a computer program i n  t h e  
t i m e  domina t o  desc r ibe  the  POGO c h a r a c t e r i s t i c s  of a l i q u i d  pro- 
pe l l ed  launch v e h i c l e ,  It is  recognized t h a t  s i g n i f i c a n t  non- 
b i n e a r i t i e s  are p resen t  i n  the  o v e r a l l  system, s i n c e  va r ious  
f l i g h t  r e s u l t s  have shown these  o s c i l l a t i o n s  t o  bui ldup,  peak, 
and die down, Other f l i g h t s  have shown con t inua l  buildlips wi th  
no l i m i t i n g  of ampli tudes,  To p r e d i c t  t h i s  type  of behavior ,  
t he  computer program must have t h e  c a p a b i l i t y  t o  inc lude  non- 
l i n e a r  and time-dependent terms, 

Such an  a n a l y t i c  t o o l ,  wi th  minimum dependence upon t e s t r e s u l t s ,  
would be h e l p f u l  in p r e d i c t i n g  POGO c h a r a c t e r i s t i c s  of f u t u r e  launch 
v e h i c l e s ,  This  has  been t h e  goal  of t he  p re sen t  contract, 
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2.0 SUMMARY 

This  f i n a l  r e p o r t  con ta ins  t h e  r e s u l t s  of a n  e f f o r t  t o  p r e d i c t  
t he  POGO c h a r a c t e r i s t i c s  of a t y p i c a l  l iqu id-propel led  launch v e h i c l e ,  
Work w a s  accomplished under c o n t r a c t  NAS8-25054 with  NASA-MSFC. 
Volume I of t h i s  f i n a l  r e p o r t  con ta ins  t h e  development of t h e  
equat ions  of motion of t he  v e h i c l e  and i t s  subsystems, 

The subsystems which have been considered inc lude  the  fol lowing:  

a )  v e h i c l e  s t r u c t u r e  
b)  l a t e r a l  c o n t r o l  system 
c )  p r o p e l l a n t  f e e d l i n e s  
d)  pump and i t s  a s s o c i a t e d  c a v i t a t i o n  phenomena 
e )  propuls ion  system. 

Volume I1 desc r ibes  t h e  d i g i t a l  computer program which so lve  
t h e  equat ions  developed i n  Volume I. The program con ta ins  t i m e -  
dependent s t r u c t u r a l  c o e f f i c i e n t s  and non-l inear  pump c a v i t a t i o n  
p r o p e r t i e s .  It determines t h e  t i m e  response of t he  v e h i c l e  
s t r u c t u r e  and p res su re  and flow rates throughout t h e  sys t ep .  

The s t r u c t u r a l  equat ions  are w r i t t e n  i n  modal coord ina te s ,  
and a re  the  r e s u l t  of a v i b r a t i o n  a n a l y s i s  of t h e  e n t i r e  v e h i c l e .  
Of prime importance i s  t h e  modelling of t h e  f lu id - t ank  i n t e r a c t i o n ,  
which i n  a d d i t i o n  t o  providing a c c u r a t e  low frequency modal d a t a ,  
a l s o  g ives  t h e  information desc r ib ing  t h e  tank bottom p res su re .  
The modal c o e f f i c i e n t s  are t i m e  dependent q u a n t i t i e s  i n  t h e  
computer program. 

Because of s t r u c t u r a l  conf igu ra t ion  some v e h i c l e s  experience 
coupl ing between la te ra l  and l o n g i t u d i n a l  motion, The equat ions  
inc lude  a l a t e ra l  c o n t r o l  system which monitors  v e h i c l e  la teral  
displacements  and r o t a t i o n s  t o  i n i t i a t e  l a t e ra l  t h r u s t  components. 

Two sets of f e e d l i n e  and propuls ion  systems are included i n  
the  computer program. This  corresponds t o  equiva len t  outboard 
and inboard engine systems which are  d i r e c t l y  a p p l i c a b l e  t o  the  
Sa turn  f l i g h t  v e h i c l e s  and would apply t o  any conf igu ra t ion  
which can be descr ibed  by two sets of engines .  Each propuls ion 
system is  f e d  by a s i n g l e  ox id i ze r  f e e d l i n e  and f u e l  f e e d l i n e ,  
wi th  ind iv idua l  pumps. The f e e d l i n e  i s  broken i n t o  t h r e e  segments. 
The f i r s t  two segments are  used t o  enable  the  de te rmina t ion  of two 
f e e d l i n e  f requencies  where r equ i r ed ,  A prov i s ion  e x i s t s  f o r  a n  
accumulator device  between the  second and t h i r d  f e e d l i n e s ,  

2 



MCR-71-80 

Pump cavitation is handled by a single coefficient relating 
time rate of change of inlet pressure to inlet and discharge 
flowrates. This coefficient is a non-linear function of the 
pump inlet pressure, The propulsion system describes the pump, 
discharge lines, propellant utilization loop, thrust chamber 
and gas generator processes. 

The program generated is an analytical tool, However, the 
pump cavitation process cannot yet be defined analytically, and 
test data is required to establish levels of cavitation coefficients. 
In addition, propulsion systems can be described analytically 
and are treated as such in this report, However, test data is 
often used to describe the various transfer functions associated 
with engine performance, The p~opulsion inputs for this program 
may be generated analytically or may come from test information. 

3 
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Subsc r ip t  M 

Subscript .B 

Mass matrix ~f the  main sttue 
wAth branch total mass includ 
attach point 

C 
6160 

k 

F 

General ized coordinate 

Norma%faad mode shapes 

7 



Hence, M 1s the coup%ed mass matrixs 

written aea 

The modal. damping matrix is 
The equations may be  C rsximatxxl by uncoupled damping bermse 
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and again us ing  s tandard  techniques t o  o b t a i n  t h e  mode shapes ( 
and t h e  n a t u r a l  €re41uencies (aC)& The f i n a l  coupled modal q u a  
are 

are obtained from c wc The coupled damping 

Here aga in ,  off  d iagonal  terms are genera l ly  n e g l i g i b l e  compared t o  
t h e  d iagonal  terms and may b e  neglec ted ,  
seen  t h a t  damping va lues  of i n d i v i d u a l  modes, e i t h e r  i n  t h e  branch 
s t r u c t u r e  o r  t h e  main s t r u c t u r e ,  may b e  varied i n d i v i d u a l l y  without  
a f f e c t i n g  t h e  o v e r a l l  equa t ionsr  
s t i f f n e s s  v a r i a t i o n s  w i t h i n  a branch o r  m a i n ’ s t r u c t u r e .  This saves 
machine computation t i m e  because only a p o r t i o n  of t h e  requi red  input  
need be  regenerated due t o  a change i n  t h e  branch s t r u c t u r e .  
a l s o  f a c i l i t a t e s  parameter s t u d i e s ,  € o r  example, vary ing  modal damp- 
i n g  i n  t h e  branch, 

Using t h i s  approach, i t  is  

This is  a l s o  t rue  of mass and 

This  

The motions of t h e  d i s c r e t e  sys  em are obtained from 

and 

The above d i s c ~ s s i o n  presen 
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TWO engine systxma arebeing considered here, outboard and inboard 
ly ths outboard sya 

ture, %B$e inboard sye 

he generalized force are given as: 
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Mere ME0 = number of outboard enghes  

MET = number of inboard engines 

= ibh modal displacement a& location X 

T = engine thrust 

K = f a c t o r  t o  adjus8: the magnitude of force acting on 
~ ~ r ~ ~ ~ ~ ~ e  

= outboard engine def3iactioar from zero p o s i t i o n ,  

PMD  pi^ 1,O and PAC = 0,O if PTB is a function of modal tank 

B, = propellant den 
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3 , 3  L- 

The POGO problem is normally a s soc ia t ed  wi th  l o n g i t u d i n a l  
o s c i l l a t i o n s  of t h e  launch v e h i c l e ,  However, wi th  t h e  advent  
of l a r g e r  s t r u c t u r e s ,  mass and/or  s t i f f n e s s  d i s t r i b u t i o n s  are not  
n e c e s s a r i l y  symmetric about t h e  l o n g i t u d i n a l  a x i s  of t he  v e h i c l e .  
Under these  cond i t ions ,  s t r u c t u r a l  d i s tu rbances  i n  one plane may 
w e l l  produce motions i n  o the r  p lanes ,  Ex te rna l  f o r c e s ,  s p e c i f i c a l l y  
the  engine t h r u s t ,  must t h e r e f o r e  be considered i n  these  o the r  
p lanes ,  The l a t e ra l  c o n t r o l  system is  employed t o  sense l a t e ra l  
motions of t h e  s t r u c t u r e  dur ing  f l i g h t  and i n i t i a t e  changes i n  t h e  
t h r u s t  vec to r  d i r e c t i o n  t o  maintain con t ro l l ed  f l i g h t ,  

A t y p i c a l  l a te ra l  c o n t r o l  system measures combinations of 
a c c e l e r a t i o n s ,  v e l o c i t i e s ,  displacements ,  s l o p e s ,  and s lope  
changes a t  s p e c i f i e d  v e h i c l e  l o c a t i o n s ,  It u t i l i z e s  t h i s  i n f o r -  
mation t o  produce t h e  engine angular  d e f l e c t i o n  requi red  t o  
s t a b i l i z e  t h e  f l i g h t ,  

The angular motions awd rates of motions at specific vehicle 
l o c a t i o n s  are ex 

@ =angular motion = 2: & i C A  qip r ad ians  
i=l 

& =angular ra te  = ' iCR r ad ians / sec  
i = B  

where 'iCA=modal s lope  at p o s i t i o n  measuring v e h i c l e  a t t i t u d e  
$CR=modal s lope  a t  p o s i t i o n  measuring v e h i c l e  a t t i t u d e  rate 

This  information i s  gene ra l ly  obtained i n  both p i t c h  and yaw 
planes ,  
is  adequate t o  desc r ibe  t h e  coupled e f f e c t s ,  

Often t h e  coupliwgin only one plane is  pronounced9 and 

The c o n t r o l  system uses t h e  a t t i t u d e  and a t t i t u d e  r a t e  
information t o  genera te  an engine command angle  fj 
given by ( f o r  t h e  p i t c h  p lane)  

which i s  
C P  

where a, and a 
0 a 

 ai$@ c o e f f i c i e n t s ,  which arc set  at .C?$T~QUS va lues  dur ing  t h e  
course  of t h e  flight, F (  c@ ) and F( @ ) are t h e  p i t c h  a t t i t u d e  
and p i t c h  attitude race error f i l t e r s ,  r e s p e c t i v e l y ,  

are t h e  p i t c h  a t t i t u d e  and. t h e  p i t c h  a t t i t u d e  

I2 
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These are transfer func t ions  having h igh  order  polynomials 
i n  both  numerator and denominator, 

The a c t u a l  engine angle i s  r e l a t e d  t o  t h e  engine E’ by the  r e l a t i o n  command ang le  6 
C 

This  accounts  f o r  t h e  dynamics a s soc ia t ed  wi th  t h e  
a c t u a t o r  system, The t r a n s f e r  func t ion  T i s  a l so  a 
high order  po%ynomia% express ion ,  ( Pc’ 

FOP s p e c i f i c  a p p l i c a t i o n s  where only c e r t a i n  frequency 
ranges are of i n t e r e s t ,  the order  of t h e  polynomial express ions  
may be reduced s i g n i f i c a n t l y  t o  f a c i l i t a t e  t h e  s o l u t i o n ,  

83 
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ion 4 may ehue be 
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I Dividing by A and defining L' = - 
8A 

- 
2Li Q 3; P . . - - - - - w - + -  
Ap ax A I 

Equation 9 is the  momenturn equation f n a  terns of pressures 
and flow rates, E%Bminaa$ion of the won-linear terms & r i l l  reduce 
$~xL.s equation to  the form found in Refereaces 4 and 6 which are 
linear E S C ~ ~ E S ~ ~ Q ~ S ~  

The forces compar%sing in. Equatfons 2 and 3 are %he v i s c s u ~  
fr$c$ion force FF and  ha i n e r t i a %  force FBn 

The friction force has %he form 

F, = $ofza9 fe%cg$on force par e m i t  length of duct 
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and 

, L e  2 
Fss 2 g cf vss 

= mean f l u i d  v e l o c i t y  r e l a t i v e  to duct  w a l l  

= per tu rba t ion  p a r t  of f l u i d  velocbty r e l a t i v e  t o  duc t  

vss 

V 
w a l l  

I n  add i t ion ,  

and 

where 

v =  
e 
X "  w 
e 
w =  

Using the 

% = 

me f i r s t  

igaea~tiai f l u i d  velocity 

motion of duc t  w a l l  alomg long i tud ina l  ax i s  of duct  

flow rate 

above r e l a t i o n s h i p s  the  pe r tu rba t ion  fo rce  FF is 

term is %he l i n e a r  po r t ion  and correspond t o  t he  f r i c t i o n  
ce expression found i n  Reference 6 ,  The second term i s  non- 

l i n e a r ,  Its r e l a t i v e  magnitude compared t o  the  l i n e a r  term is found 
f rom 

Linear  Nonlinear 

%nspectione of t h e  r e l a t i v e  magnitradets of terne, using T i t an  and 
Saturn faedb%ne5B have Shawn t h a t  t h e  n o w l i n e a r  term may be neglec ted ,  

The inertial force F results from the  f l u i d  acce le ra t ing  through 
t h e  duct ,  %&I magnitude $ignoring local. pe r tu rba t ions )  is 
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I / 

as 
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-b+n 
n where k=(-) Pol'*nvo P 1 1 

P 
% & % E a  

Fk 

2% 



The toea1 change ia 'bubble volume is fhen 
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3 . 6  Propuls ion  System 

A schematic o f  a t y p i c a l  propuls ion  system i s  ,given i n  
F igure  3 , 6 , l ,  This inc ludes  t h e  pump, daischarge l i nes ,  p r o p e l l a n t  
u t i l i z a t i o n  loop ,  gats genera tor  c i r c u i t ,  t u r b i n e ,  and t h e  t h r u s t  
combustion chamber io 

3 . 6 , %  Thrust Combustion. Chamber 

Tocral engine t h r u s t  a t  t i m e  (t+ d t ) is r e l a t e d  t o  chamber a pres su re  by 

where Ati is a lag t i m e  r e p r e s e n t i n g  t h e  average  dwe l l . t ime  o f  t h e  
combustion. products  in. t h e  chamber, 

where 'AVE = average d e n s i t y  o f  gaseous combustion products  
in t h e  chamber 

VC = volume of chamber 

2 = steady s t a t e  Elowrate in chamber 

a l s o ,  % = chamber t h r o a t  area (conscant ,value) 

c 

Cp (t) 

' c ( t )  

= t h r u s t  c o e f f i c i e n t  a t  t i m e  t s  vary ing  wi th  
chamb ezr p r e s  sur e 

= chamber p re s su re  at t i m e  t 

The p e r t u r b a t i o n  p o r t i o n  of t o t a d  t h r u s t  is written as 

0 0 

PEZ t h e s e  equa t ions  
th,e involved parameters ,  Th,e perturbation p o r t i o n  of CF is  

s u p e r s c r i p t  "0" denotes sceady sta&e v a l u e s  of 

3 a. 
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The v a r i a t i o n  of: C with Pc i s  normally a v a i l a b l e  f o r  t h e  given 
engine by t h e  engine manufacturers However, i t  can be determined. 
analytPcaLby '. us ing  t h e  express ions  beLow as developed i n  References 
LO and 11, 

F 

41 

where n- = s p e c i f i c  hea t  r a t i o  

' e  = p r e s s u r e  i n  t h e  e x i t  plane 

'a = ambient pressure  

A = area of e x i t  plane 
e 

= t h r o a t  area 4 
These are based upon stead.y f low cond. i~ ion ,s  ; p e r f e c t  gas laws, 
and i s e n t r o p i c  f low through the nozzXe 5 

The t o t a l  &amber pressure  Pp, at C i m e  'c is expressed as 

The t i m e  Lag A e2 r e p ~ e s e n - t s  t h e  average t i m e  t h a t  
propeLLanes dwell  i n  the  thrvwt chamber from t h e  t i m e  of i n j e c t i o n  
through v a p o r i z a t i o n  and combv,stion?, P e r t u r b a t i o n  p a r t  of t h e  
chamber pressure  is (dropp%ng t h e  t h e  s u b s c r i p t  f o r  convenience) 

c* = c h a r a c t e r i s e i c  Tfeloctty 
y. 

Wedl = o x i d i z e r  fLow.cal:e in.co che combustion chamber 

wCF = f u e l  f l ~ ~ r a t a  j.Qto t h e  combusilion chamber 
0 

Superscr ip t  "0" r e p r e s e n t s  s e e d y  scaee values while t h e  o t h e r  
values are per turbat iom vslu,es The charactex i s t l c  velocity i s  
geeaeiraily 2; functio~ of 6sh.e m i a c ~ u r e  r a t i o  NR and t o t a l  flowrate 
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i n t o  the chamber, w . This  i s  expressed. as c 

7) 

This  information, i s  normafly presented f o r  a given engine 
system as p l o t s  of C* as Ersnctions of mixture r z t i o  and chamber 
flOWKateS, Of t en  the  second term is n e g l i g i b l e  and may be 
ignored 

The pe r tu rba t ion  i n  m i x t v x e  r a t i o  i s  found by s u b t r a c t i n g  
s teady  s t a t e  va lue  (MRO) from irotal mixcare ra . t io  (MR). 

Likewise, t h e  pe r tu rba r ion  i n  chamber flow ra te  is  
I Q 

9)  a c* co + WCF - w = w  
C 

Zntrodwbng these  r e l a t i o n s h i p s  ignorj-ng the  aGt, item, and. 
l i n e a r i z i n g  t h e  remainder of t h e  equa t ions ,  t he  chamber ppessure 
equm t ion becomes 
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Where density of gasasus combueat%on products in 

v B of the gas ga 
$$ 

;go = steady state f1wraE.e baa chamber 

The value of h is 

c i f i c  heat of 

s 
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Pe ure 

Te 5 urbatfsn in the turbine i 

i 

turbatfon Te 2s 

The coefficients described in the preceeding 

e ~ ~ ~ % ~ ~ g  engine sys 
analyt ica l ly  8, p r m i  
subsection describes t h i s  

% 

CG at a junction = 0, 
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where P 

the f l o w  rate (constant between point@ 1 and 2 ) ,  R is $ha f i n e  resis- 
$ance8 and '6: is the inertancs o f  the f l u i d  Ln the line eec%$on, 

is eha up5erem pressure, P2 is %he downstream pressBWra, G is 1 

me lines considered include 

a, Pump to thrust chambar 

b ,  

ca Lime to gars generator 

d,  Gas generator exhaust liness 

Based on. t h e  d i scha rge  l i n e  system shown in 

P r o p e l l a n t  u t i l i ~ a t i ~ ~ ~  loop (where applicable) 

equations are 

LINE 
nepBBpzBd 

P,UB QunctAon to pump i n l e t  

Pump to P,U, loop 

PcUe to gas generatog branch 

PgU, 1EoO;B 

G G, branch t o  engine chamber 

weratsr %%ne 

Turbine exhaust line 
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4,0 S W R Y  OF EQUATIONS 

The equations which ha,ve bean developed in the previous 
section are summarized here, 
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STRUCTURAL EQUATIONS 

QiL + QiPERT + -  iA 

1 1 i  eqi M eqi Meqi 
2 qi =-2y.w.: - wi qi + M 

= generalized force due to axial forces QiA 

= generalized force due to lateral forces QiL 
= generalized force due to external excitation QiPERT 

'iGPO1 TO1 + ('iTB A P  TB TB)OUTB - (K'iPASPS)ouTB 

T 'iGPI1 I1 

n 

x =  'pi 
i=l 

n n 

I i=l i=l 

TO1 = To 

TI1 = TI 

TO2 = To sin BE 

T12 = TI sin B E  
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PROPELLANT FEEDLINE EQUATIONS 

P 1  p2 

- p2 - - p1 - [LBIA G2 - [ L I A  G2 - T 5 - T 2 - U E - U 2 
A 1  1 A2 2 A1 1 A2 2 

where 
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PUMP CAVITATION EQUATIONS 

T i  - Cj = pii(N6SP) 
S d 

ACCUMULATOR EQUATIONS 

= L w  + R G  + C w  'A A A  A A  A A  

c j  = +  - G  A 1 2  
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PROPULSION EOUATIONS 

Thrus t  Chamber 

T = A  C o  t ( F 'C + 'C0 'F + 'C 'F) 

- -  acF - 
'F ape 'C 

= - 1 (Gc" C a  + C * O  + GC c*) 
'c gAt C 

ac* ac* M R  
I 

a;, c am ca! = - 

o = T i  + o  
C CO CF 

CF 
6 -m06 co 

CF 
w O 4 - G  

M R =  
CF 

Gas Generator 
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Pump 

NTO 
a (PdO - ' S O )  + a (PdO - ' S O )  

dO 

I a (PdO - ' S O )  

aNTO dO ('do - 'so) = apso ' s  0 a' 

N~~ 
a (PdF - 'SF) a ( P d F  - 'SF) 

dF 'dF + aNTF 'SF a' 
a (PdF -. 'SF) 

(PdF - 'SF) = a p s F  

1 - 
P d F '  (PdF - 'SF) + (PdF" - 'SF') 'dF + 'SF' "F + 'dF (PdF - 'SF) 

- -  
ppF PFnF 

'SF "F] 

Llw = G  - G  
F dF s F  

'PF = NTFo MPF + M ~ F '  NTF + N~~ M ~ F  

'PO NTOo %O + %0° NTO + NTO 5 0  

T u r b i n e  

- 
Io %O - LTo - Mpo 
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 ah^^^ 
P~~~ 

hTIF = C. T +- 
P T I F  g ~ P T I F  

a T  a T  
Tg = & MRG + 3 

 ah^^^ 
PTEF h~~~ ' ~ T E F  TEF apTEF T +- - - 

ahTIO +- T I 0  
- - 

h~~~ ' ~ T I O  T~~~ apTIO 

 ah^^^ 
PTEO h~~~ - ' ~ T E O  T~~~ apTEO +- - 
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DISCHARGE EQUATIONS 

O x i d i z e r  S i d e  

- (I - %U) 'do (I - %U) ' S O  + %O 'LO 'LO 'LO 

+ RdO Gdo + Ido Gd0 = 0 

%U 'do + (I - "pU) ' S O  - 'C %O 'LO + 'LO 'LO 

- (R30 R20) 'COi + (- '30 - '20) 'COi 

- R20 Ggo - 120 Wgo = 0 

- R  ' C O i  go go Pc - Pg + R3* GCOi + (I3o) W 

- I e O  ' g o  = O 

+ '  
go C O i  

Gd0 = TjL0 + ' 
co 6 = G  coi + ' 0  *CO %P 

+ R3F GCFi + lgF WCFi + RZF GdF + I 2F w 1 F 

- 'g R3F 'CFi '3F 'CFi  gF gF gF gF - R  G - I  2 j  = O  

' = G  

G = '  

dF gF + 'CFi  

=t 'F ACF %Z C F  C F i  

48 



Pn O = -  
Pn pco  'C 
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